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ABSTRACT

Green’s functions provide a simple yet effective method to test and to calibrate general circulation model
(GCM) parameterizations, to study and to quantify model and data errors, to correct model biases and
trends, and to blend estimates from different solutions and data products. The method is applied to an ocean
GCM, resulting in substantial improvements of the solution relative to observations when compared to prior
estimates: overall model bias and drift are reduced and there is a 10%–30% increase in explained variance.
Within the context of this optimization, the following new estimates for commonly used ocean GCM
parameters are obtained. Background vertical diffusivity is (15.1 � 0.1) � 10�6 m2 s�2. Background vertical
viscosity is (18 � 3) � 10�6 m2 s�2. The critical bulk Richardson number, which sets boundary layer depth,
is Ric � 0.354 � 0.004. The threshold gradient Richardson number for shear instability vertical mixing is Ri0
� 0.699 � 0.008. The estimated isopycnal diffusivity coefficient ranges from 550 to 1350 m2 s�2, with the
largest values occurring at depth in regions of increased mesoscale eddy activity. Surprisingly, the estimated
isopycnal diffusivity exhibits a 5%–35% decrease near the surface. Improved estimates of initial and
boundary conditions are also obtained. The above estimates are the backbone of a quasi-operational,
global-ocean circulation analysis system.

1. Introduction
General circulation models (GCMs) resolve only a

minute fraction of the climate-system degrees of free-
dom (e.g., Holloway 1999). Subgrid-scale processes,
which are not resolved by these models, must therefore
be represented using statistical or empirical parameter-
izations. The discussion herein concerns a method,
based on the computation of model Green’s functions,
for calibrating these parameterizations. For illustration
purposes, the method is applied to an ocean GCM
within the context of a global-ocean data assimilation
project.

Example subgrid-scale parameterizations in ocean
GCMs are those used to represent the role of eddies,
internal waves, small-scale turbulence, etc. For the spe-
cific application example discussed here, these pro-
cesses have been represented using the isopycnal mix-
ing schemes of Redi (1982) and Gent and McWilliams
(1990) and the vertical mixing scheme of Large et al.
(1994). These schemes contain empirical “diffusion”
coefficients, critical Richardson numbers, etc., whose
careful calibration is key to obtaining a realistic repre-
sentation of the physical processes that have been pa-
rameterized.

The conventional approach for calibrating empirical
parameterizations is to adjust one parameter at a time
using GCM sensitivity studies and comparisons with
data. But this approach is suboptimal because estimates
of these empirical parameters depend on each other
and on model configuration, initial conditions, surface
boundary conditions, etc. Therefore an optimal set of
parameters can only be obtained through the simulta-
neous adjustment of all of these conditions, a daunting
task.

A recent study by Stammer et al. (2003) demon-
strates that, using the adjoint method, it is possible to
simultaneously adjust the initial and surface boundary
conditions of an ocean GCM in order to fit a wide
variety of data products. The above study is being ex-
tended to include the estimation of the GCM’s mixing
coefficients (D. Stammer 2003, personal communica-
tion). Powerful though it is, the adjoint method does
have some drawbacks: it is computationally expensive,
its implementation is technically demanding, and it
does not easily accommodate error analysis and chaotic
systems.

The Green’s function approach discussed here pro-
vides a different set of trade-offs between optimality,
computational cost, error description, and ease of
implementation. Key advantages relative to the adjoint
method are 1) simplicity of implementation, 2) the pos-
sibility of obtaining complete a posteriori error statis-
tics for the parameters being estimated, and 3) im-
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proved robustness in the presence of nonlinearities.
The major drawback of the Green’s function approach
is that computational cost increases linearly with the
number of control parameters. By comparison, the cost
of the adjoint method, while substantial, is largely in-
dependent from the number of control parameters.
More will be said later about these various trade-offs.

Green’s functions were first used to solve partial dif-
ferential equations describing electrical, magnetic, me-
chanical, and thermal phenomena (Challis and Sheard
2003). Green’s functions have also been used to linear-
ize and to solve a wide variety of geophysical inverse
problems (e.g., Fan et al. 1999; Gloor et al. 2001; Gray
and Haine 2001; Wunsch 1996; and references therein).
Application examples that are closely related to the
present discussion are those of Stammer and Wunsch
(1996) and Menemenlis and Wunsch (1997), in which
model Green’s functions were used to estimate the
large-scale Pacific Ocean circulation. What sets apart
the present discussion from the work of Stammer and
Wunsch (1996) and Menemenlis and Wunsch (1997) is
the choice of control parameters. Specifically, model
Green’s functions are here used to blend existing esti-
mates of initial and surface boundary conditions and to
estimate diffusion coefficients, critical Richardson
numbers, and relaxation time scales.

The Green’s function approach is described in sec-
tion 2 using, where possible, the notation of Ide et al.
(1997). The power of this approach is best illustrated by
example. For this purpose sections 3–5 discuss the ap-
plication of the Green’s function approach to improv-
ing the estimates of a quasi-operational, global-ocean
circulation analysis system. Summary and concluding
remarks follow in section 6.

2. Green’s function approach

In practice, the Green’s function approach involves
the computation of GCM sensitivity experiments fol-
lowed by a recipe for constructing a solution that is the
best linear combination of these sensitivity experi-
ments. Technically, Green’s functions are used to lin-
earize the GCM, and discrete inverse theory is used to
estimate uncertain GCM parameters. The following
discussion assumes that the reader is familiar with dis-
crete inverse theory and its application to geophysical
data analysis. If not, a brief but excellent introduction is
found in Menke (1989).

Algebraically, a GCM can be represented by a set of
rules for time stepping a state vector:

xf�ti�1� � Mi�x
f�ti�	. �1�

For the ocean GCM example, state vector xf(ti) in-
cludes temperature, salinity, velocity, and sea surface
height on a predefined grid at discrete time ti. Function
Mi represents the known GCM time-stepping rules, in-

cluding initial conditions, boundary conditions, empiri-
cal mixing coefficients, etc.

The discretized dynamics of the true geofluid xt are
assumed to differ from that of the numerical model (1)
by a vector of stochastic perturbations:

xt�ti�1� � Mi�x
t�ti�, �	, �2�

where � is a noise process, which is assumed to have
zero mean and covariance matrix Q. Vector � contains
a set of uncertain parameters that can be used as “con-
trols” for bringing the GCM simulation closer to obser-
vations. For the ocean GCM example, vector � includes
terms that represent errors in the initial and boundary
conditions and in the empirical mixing coefficients.

The state estimation problem aims to estimate pa-
rameters � given a set of observations

yo � H�
xt�t0�

·
·
·

xt�tN�
� � �, �3�

where vector yo represents all available observations
during the estimation period, t0 � ti � tN, H is the
measurement function, and residual � is a noise pro-
cess, which is assumed to have zero mean and covari-
ance matrix R. Vector � represents measurement errors
and all model errors that are not represented by � in
(2). For the ocean GCM example, � includes variability
due to internal waves, mesoscale eddies, tides, etc.

For the Green’s function approach, Eqs. (2) and (3)
are combined, resulting in

yo � G��� � �, �4�

where G is the convolution of measurement function H
with GCM dynamics Mi. Control parameters � can be
estimated by minimizing a quadratic cost function

J � �TQ�1� � �TR�1�, �5�

where superscript T is the transpose operator. Equa-
tions (4) and (5) are those of the familiar least squares
minimization problem. Complications arise because the
dimensions of � and of � can be huge, because covari-
ance matrices Q and R are usually not known, and be-
cause function G is nonlinear. Most practical estimation
methods assume that (4) can be usefully linearized
about a particular GCM trajectory. If the linearization
assumption holds, (4) simplifies to

yd � yo � G�0� � G� � �, �6�

where 0 is the null vector, G(0) is the baseline GCM
integration sampled at the data locations, vector yd is
the model-data difference, and G is a matrix whose
columns are the Green’s functions of G. Specifically,
the jth column of matrix G is

g�j� �
G�ej� � G�0�

ej
, �7�
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where ej is a perturbation vector that is everywhere
zero except for element j, which is set to ej. That is, each
column of G can be computed using a GCM sensitivity
experiment. Matrix G is called the data kernel because
it relates the data yd with model parameters �. The
minimization of (5) given (6) is a discrete linear inverse
problem with solution

�a � PGTR�1yd �8�

and uncertainty covariance matrix

P � �Q�1 � GTR�1G��1. �9�

Discrete linear inverse theory is the subject of a vast
literature, and many useful tools exist for deriving and
for analyzing the solutions (e.g., Menke 1989; Wunsch
1996; and references therein).

The validity of the GCM linearization can be tested a
posteriori by comparing the residual of Eqs. (4) and (6)
for � � �a. If the linearity assumption holds, then it is
expected that G(�a) � G(0) 
 G�a Therefore a rea-
sonable requirement is that

abs�G��a� � G�0� � G�a	 � diag�R1�2�, �10�

where operator abs(·) returns a vector that contains the
absolute values of the input-vector elements, and op-
erator diag(·) returns a vector that contains the diago-
nal elements of the input matrix. If condition (10) is not
satisfied, it may be possible to further reduce cost func-
tion (5) by using an iterative approach. Specifically, the
GCM is relinearized about �a instead of 0, matrix G is
recomputed, and a new solution is sought.

3. Ocean state estimation example

The Green’s function approach has been applied to
the calibration of a general circulation model, which is
used for quasi-operational analysis of the time-evolving
ocean circulation. This analysis is a product of the con-
sortium for Estimating the Circulation and Climate of
the Ocean (ECCO), it is maintained at the Jet Propul-
sion Laboratory (JPL), it is updated approximately
once per week, it is freely available (http://ecco.jpl.nasa.
gov), and it is being used for a variety of science appli-
cations (e.g., Dickey et al. 2002; Fukumori et al. 2004;
Gross et al. 2003; Lee and Fukumori 2003; McKinley et
al. 2003). The discussion that follows is not meant to be
the definitive description of the ECCO/JPL ocean cir-
culation analysis; it is only meant to provide a concrete
example for the application of the Green’s function ap-
proach.

a. Baseline 1991–2000 integration

The ECCO/JPL near–real time analysis is based on a
quasi-global configuration of the Massachusetts Insti-
tute of Technology General Circulation Model (MIT
GCM; Marshall et al. 1997). The model grid has 360 �

224 horizontal grid cells. Zonal grid spacing is 1° of
longitude. Meridional grid spacing is 0.3° of latitude
within �10° of the equator and increases to 1° latitude
outside the Tropics, as shown on the left panel of Fig. 1.
There are 46 vertical levels with thicknesses ranging
from 10 to 400 m down to a maximum depth of 5815 m,
as shown on the right panel of Fig. 1. Figure 2 shows the
model bathymetry. Ocean regions north of 73°N and
south of 73°S are not represented in order to permit a
1-h integration time step. The model employs the K-
Profile Parameterization (KPP) vertical mixing scheme
of Large et al. (1994) and the isopycnal mixing schemes
of Redi (1982) and Gent and McWilliams (1990) with
surface tapering as per Large et al. (1997). Laplacian
diffusion and friction are used except for horizontal
friction, which is biharmonic. Lateral boundary condi-
tions are closed. No-slip bottom, free-slip lateral, and
free surface boundary conditions are employed. Sur-
face freshwater fluxes are applied as virtual salt fluxes.

The baseline integration spans 1991 to 2000 and is
forced at the surface with 12-hourly wind stress and
with daily heat and freshwater fluxes from the National
Centers for Environmental Prediction (NCEP) meteo-
rological reanalysis (Kistler et al. 2001) with the follow-
ing modifications:

1) The 1980–97 time-mean NCEP fluxes are subtracted
and replaced with the 1945–93 time-mean Compre-
hensive Ocean–Atmosphere Data Set (COADS)
fluxes (Woodruff et al. 1998).

2) The 1945–93 time-mean COADS heat and freshwa-
ter fluxes have further been adjusted so that the
spatial integral is zero over the model domain.

3) Model sea surface temperature (SST) is relaxed to

FIG. 1. The ocean GCM has 360 zonal by 224 meridional by 46
vertical grid cells. Zonal grid spacing is 1°. (left) Meridional grid
spacing as a function of latitude, and (right) level thickness as a
function of depth.
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NCEP SST using the dQ/dT formulation of Barnier
et al. (1995), where Q is heat flux and T is SST.

4) Shortwave radiation is depth-penetrating using the
formula of Paulson and Simpson (1977).

5) Any model temperature that becomes less than
�1.8°C is reset to �1.8°C in order to simulate the
freezing of seawater.

6) Sea surface salinity (SSS) is relaxed to monthly
mean SSS from the National Oceanographic Data
Center (NODC) World Ocean Atlas 1998
(WOA98) with a relaxation constant of 60 days.

Isopycnal diffusivity and isopycnal thickness diffusiv-
ity is 500 m2 s�2. Hereinafter, isopycnal diffusivity also
refers to isopycnal thickness diffusivity, which is set to
the same value. Vertical diffusivity is 5 � 10�6 m2 s�2.
Horizontal and vertical viscosity are 1013 m4 s�1 and
10�4 m2 s�2, respectively. The model is initialized from
rest and from the WOA98 temperature and salinity cli-
matology and integrated for 10 yr using the 1980–97
mean NCEP seasonal cycle. It is then integrated from
January 1980 to December 1990 using real-time fluxes
to obtain January 1991 initial conditions for the base-
line integration. These particular choices need not be
further justified here, since they are superseded later in
this manuscript using the Green’s function approach.
Suffice to say that they were the result of dozens of
trial-and-error experiments, over the course of several
years, by a handful of experienced physical oceanogra-
phers.

b. Data used to constrain the baseline integration

The data that are used to constrain the baseline in-
tegration are observations of sea surface height vari-
ability and a collection of vertical temperature profiles.
Sea surface height data are from the National Aero-
nautics and Space Administration Goddard Space
Flight Center (NASA GSFC) Pathfinder Topographic
Ocean Experiment (TOPEX)/Poseidon Altimetry Ver-
sion 9.1 (http://podaac.jpl.nasa.gov). Specifically, colin-
ear sea surface height data are used, which are georef-
erenced to a specific ground track and are given at 1-s
intervals, approximately every 6 km along each track.
The data are corrected for all known geophysical, me-
dia, and instrument effects, including tides and atmo-

spheric loading. The Pathfinder data are further bin
averaged along each track, consistent with the model
resolution.

Vertical temperature profile data from expendable
bathythermograph (XBT) and from the Tropical At-
mosphere Ocean (TAO) array are processed, quality
checked, and made available by D. Behringer (2002,
personal communication). These data are comple-
mented with temperature profiles from the World
Ocean Circulation Experiment (WOCE), from the
Hawaii Ocean Time Series (HOTS), from the Ber-
muda Atlantic Time Series (BATS), and from Profil-
ing Autonomous Lagrangian Circulation Explorer
(PALACE) floats. Figures 3 and 4 show, respectively,
the horizontal and vertical data distributions. For this
study, the temperature data are bin averaged inside
each model grid box and for 10-day intervals spanning
1 January 1992 to 31 December 2000. In all there are
498 277 vertical temperature profiles, which are bin av-
eraged into 5 227 445 space–time bins.

c. Sequential smoother and adjoint method

The baseline integration described in section 3a was
initially constrained with the data of section 3b using
the partitioned sequential smoother of Fukumori
(2002). As currently implemented, the Fukumori (2002)
smoother is used to estimate adiabatic corrections due
to errors in the time-varying surface wind stress. But
the smoother has not yet been extended to handle
model biases or to correct errors in surface heat and
freshwater fluxes and in diabatic processes.

A powerful methodology for removing model biases
and for correcting errors in surface heat and freshwater
fluxes and in diabatic processes is provided by the ad-
joint model (e.g., Stammer et al. 2003). But at the time
that this work was carried out, the available computer
resources were insufficient for a complete 1991–2000
adjoint-model optimization using the model configura-
tion just described. Based on the experience of Stam-
mer et al. (2003), a complete adjoint-method optimiza-
tion may have required the equivalent of some 500 for-
ward-model integrations over the 1991–2000 estimation

FIG. 2. Model bathymetry in km. The ocean domain spans 73°S
to 73°N and excludes the Arctic Ocean.

FIG. 3. Horizontal distribution of temperature profiles. Black
dots indicate locations of XBT and TAO profiles. Blue dots in-
dicate locations of WOCE profiles; red dots indicate locations of
PALACE profiles; and green and magenta dots indicate locations
of HOTS and BATS profiles, respectively.
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